, for all n ≥ 0} be the maximal T -invariant subset of [0, 1) \ (a, b). We examine the Hausdorff dimension of W k (a, b) as a and b vary.
Introduction
The study of dynamical systems with holes, also termed as open dynamical systems was first proposed by Pianigiani and Yorke [20] . It has recently attracted attention on account of both its dynamical interest and applications, we refer to [2, 4, 6, 7, 10-12, 16, 17] . Open dynamical systems has several applications including modelling and understanding biological or medical processes, ocean and atmospheric systems, trajectories of spacecraft, planetary motion, see [22] .
We now describe the general set-up of an open dynamical system. Let (X, T ) be a discrete dynamical system, where X is a compact metric space and T : X → X is a continuous map with positive topological entropy. Let H be an open connected subset of X, known as the hole. The map T : X \H → X is called an open system, since X \ H may not be an invariant set under T . Let W(H) be the maximal T -invariant subset of X \ H. Clearly W(H) = {x ∈ X | T n x / ∈ H, n ≥ 0} = X \ n≤0 T n (H).
The set W(H) consists of all the points in the state space whose orbit never intersects the hole H. This set is called the survivor set.
One can ask several interesting questions regarding the system T | W(H) such as its ergodic properties, see [4, 7] and references therein. In [3] , the rate at which trajectories escape the hole was considered and it was proved that the escape rate depends not only on the size of the hole but also on its position in the state space.
The survivor set W(H) has the following property: for H, H ⊂ X, W(H)∩ W(H ) = W(H ∪ H ), and thus if H ⊆ H , then W(H) ⊇ W(H ). The latter property suggests that if the hole is large, the set W(H) may be countable or empty, whereas it may have positive Hausdorff dimension if the hole is small. The exisiting literature indicates that the size of the hole alone is not responsible for the size of W(H), its position also matters.
For the doubling map T 2 defined as T 2 (x) = 2x mod 1 on the interval [0, 1), interval holes symmetric about the point 1/2 were considered in [14] , and asymmetric interval holes were considered in [15] , and the problem of measuring the size of the corresponding survivor set was studied. In [8] , β-transformation T β : [0, 1) → [0, 1) with any real number β ∈ (1, 2) defined as T β (x) = βx mod 1 with an interval hole was considered, and holes were characterized based on whether the suvivor set is non-empty or uncountable. In [9] , the Baker's map with a convex hole was considered and the holes (dimension traps) for which the Hausdorff dimension of the survivor set is zero were examined. It was proved that hole which lies in the interior of the square is not a dimension trap. This work was the first such in higher dimensions.
The focus of this paper is to examine the Hausdorff dimension of the survivor set for the map T k defined by T k (x) = kx mod 1, (k ≥ 3, k ∈ N) on the interval [0, 1) with an interval hole (a, b), where 0 ≤ a < b ≤ 1. Let R 1 and R 2 be the collections of intervals contained in [0, 1):
Note that R 1 and R 2 cover all the possible holes (a, b) with 0 ≤ a < b ≤ 1. We divide our analysis into two sections based on whether (a, b) ∈ R 1 or (a, b) ∈ R 2 . In Section 3, we will prove that the Hausdorff dimension of the survivor set is positive when the hole (a, b) ∈ R 1 . In Section 4, we will introduce a generalization of the Cantor set and the Cantor function which will be used to prove the main result (Theorem 1.5) when the hole (a, b) ∈ R 2 . In this
Figure 1: The collections R 1 and R 2 .
theorem, we give a necessary and sufficient condition for the Hausdorff dimension of the survivor set to be positive. We will conclude Section 4 by describing the relation of our work with earlier results for the doubling map [14, 15] . In Section 5, we discuss a possible generalization of T k to higher dimensions.
Expanding Map T k with a Hole
Consider the expanding map
It is well-known that T k is an ergodic map with respect to the one-dimensional Lebesgue measure (see for example [5 
The results in this paper can be generalized to other kinds of holes. Since we are looking at the map T k on the circle, the hole (a, b) 
c) The results in this paper are also applicable to all maps conjugate to the full shift on finitely many symbols.
For the doubling map (k = 2), Glendinning and Sidorov in [14] considered interval holes symmetric about the point 1/2, and asymmetric interval holes in [15] . In this article, we restrict our attention to integers k ≥ 3 and consider asymmetric interval holes. We now recall the main result from [15] . 
where the function χ is described in Section 2.2.
Statement of the Main Results
We now state the main results of this paper which will be proved in the later sections.
, where the function χ is described in Section 2.2, and g k is the Cantor function defined in Section 4.1.2.
Background

Symbolic Dynamics
In this section, we will review few concepts from symbolic dynamics which will be used in this article. We refer to [5, 13, 18] for details. For integer k > 1, let Σ k be the set of one-sided sequences with entries from the set Λ k = {0, 1, · · · , k − 1}, excluding the sequences ending with (k − 1)
∞ . For a finite length word w consisting of symbols from Λ k , we denote its length by |w|. Every such finite word w can be represented as w0 ∞ ∈ Σ k . Set
Let σ k : Σ k → Σ k be the one-sided shift map defined as
We identify Σ k with the interval [0, 1) via the map
The map π k is a bijection, and the inverse image of any element of B k is a sequence in Σ k ending with 0 ∞ . Representations of real numbers with an arbitrary base k > 1 were introduced by Rényi [21] , and is called its k-expansion.
Note that the points (in B k ) have two k-expansions, one ending with 0 ∞ , and other ending with (k − 1)
∞ . Further the diagram given below commutes:
That is,
A partial order ≺ can be defined on Σ k as follows: u ≺ v if and only if either u 1 < v 1 , or there exists ≥ 2 such that u i = v i , for i = 1, · · · , − 1, and u < v . For u, v ∈ Σ k , we denote the set of all sequences w ∈ Σ k such that u ≺ w and w ≺ v, including u and v, by [u, v] , which is called an interval.
The function χ
The function χ given in Theorems 1.3 and 1.5 was introduced in [15] . The definition of this function requires a few notations which we will explain now.
• Let r = p/q ∈ (0, 1/2) has continued fraction expansion [
Define the binary sequence given by r as follows:
The word u n is called the n th standard word given by r with length q.
• For an irrational γ ∈ (0, 1/2) having continued fraction expansion [
. Let u n be as defined above. The limit u ∞ of u n as n → ∞ is called the characteristic word given by γ.
• For r = p/q ∈ (0, 1/2), ρ r defined on the symbols 0 and 1 is given by
where the n th standard word given by r is of the form u n = w 1 . . . w q .
• Let r ∈ Q ∩ (1/2, 1),
where h(0) = 1, h(1) = 0, and h(w 1 . . . w n ) = h(w 1 ) . . . h(w n ).
• For any finite vector (
where
• If r i = p i /q i , then Q n = q 1 . . . q n . Note that the length of both s n and t n is Q n .
• Let S be the collection of points in (1/4, 1/2) whose binary expansion is of the form 01w, where w is a characteristic word for some irrational number γ ∈ (0, 1/2).
• For n ≥ 2, let S n (r 1 , . . . , r n−1 ) be the collection of points in (1/4, 1/2) whose binary expansion is of the form s n−1 t n−1 w, where w is a characteristic word for some irrational number γ ∈ (0, 1/2) with 0 replaced by s n−1 , and 1 replaced by t n−1 .
• For an infinite vector (r 1 , r 2 , . .
Theorem 2.2. [15, Theorem 2.13] A real number a ∈ (1/4, 1/2) falls into one of the following four categories:
Furthermore, for any a < s ∞ n , χ(a) < t n s ∞ n , and for any a > s n t n s
2. For all a ∈ S, χ(a) = a + 1/4.
3. For n ≥ 2 and for all a ∈ S n (r 1 , . . . , r n−1 ), χ(a) = a + (1 − 2 −Q n−1 )(t n−1 − s n−1 ).
If there exists
where a * = lim n→∞ ρ n 1/2 (0) is the Thue-Morse constant. Furthermore, both of these bounds are sharp. The lower one is attained at a = a * (that is, when r = (1/2, 1/2, . . . ), while the upper one is attained when a ∈ S.
3 Results for (a, b) ∈ R 1
In this section, we prove Theorem 1.4 which states that for k ≥ 3 and H = (a, b), the Hausdorff dimension d k (H) is positive when either H ⊆ 0,
Proof. Observe the following equalities:
Proof. (Proof of Theorem 1.4) Consider first the case when H
The other case is similar. For n ≥ 1, define
Then U n is a σ k -invariant set. We will prove the result in two steps:
We first prove that there exists
From standard arguments using adjacency matrix of a suitable graph and Perron-Frobenius theorem, one can prove that the topological entropy of U N is positive, and hence the Hausdorff dimension of π k (U N ) is positive. Since
Further for H ⊆ 1 k , 1 , apply Lemma 3.1.
For H ⊆ j k , 1 , apply Lemma 3.1.
The remaining types of holes H belong to the region R 2 . This will be considered in Section 4. We will discuss preliminaries required for the main result In this section, we will focus on the remaining holes, that is, when a ≤ 1 k and
A straightforward lemma is as follows.
Proof. Let us consider the case a < 1
k (x) cannot contain 0w, w ∈ {1, . . . , k − 1}, and 1, . . . , k − 2. Also, if π
It turns out that the analysis for holes in R 2 is identical to corresponding holes under g k for the doubling map T 2 , see Theorem 1.5. The analysis for such holes is similar to the doubling map, via the generalized Cantor set and Cantor function, which we will introduce in the following subsections.
Generalization of Cantor Set and Cantor Function
In this section, we define a set C k and a function Set I 2 = I 21 ∪ I 22 ∪ ∪I 23 ∪ I 24 . Thus, at the th step, we obtain 2 intervals each of length 1 k , whose union is I k , say. Moreover, (I ) is a decreasing sequence of closed sets. We define the generalized Cantor set as
Remark 4.2. C k is a closed set with zero Lebesgue measure. The Hausdorff dimension of C k is log k 2. We refer to [5] for details.
a n k n , and N ≥ 1 is the least index such that a N / ∈ {0, k − 1}.
If each a n ∈ {0, k − 1}, define
The function g k is well-defined. Recall that
Each x ∈ [0, 1) \ B k has a unique k-expansion, that is, it has a unique preimage under π k . If x ∈ B k , then x has two m-expansions given by x 1 and x 2 below.
Hence g k (x 1 ) = g k (x 2 ) in both the cases. Therefore, g k is well-defined. The following are some properties of the function g k .
Properties of g k :
2. g k is an increasing and continuous function.
3. g k is constant on each interval of the form
where 6. g k is a Hölder continuous function of exponent s provided s ≤ log k 2.
Remarks 4.4. The above properties follow from the properties of the standard Cantor function (with k = 3), see for instance [19] .
Lemma 4.5. The map g k induces a map g k : Σ k → Σ 2 such that the following diagram commutes:
Moreover,
1. g k is constant on each interval of the form
where a i ∈ {0, k − 1}, for i = 1, · · · , N . Note that
for all w ∈ I a 1 ···a N .
2. g k is an increasing function with partial order ≺.
Proof. The result follows from the definition of g k using the commuting diagram.
Results
Lemma 4.6. For the doubling map T 2 , a < 1 2
where B 2 is the set of dyadic rationals in [0, 1), see (1).
where w is a finite word consisting of symbols 0, 1. Then
Lemma 4.7. The following diagram commutes:
Proof. The proof is straightforward.
Hence, by Lemma 4.6,
c) It follows from Lemmas 4.5 and 4.7.
d) It follows from parts a), b), and c).
Proof. (Proof of Theorem 1.5) From Lemma 4.8 d),
Hence by Theorem 1.
Note that g k is a Hölder continuous function of exponent log k 2, hence
Hence it follows by Theorem 1.
Proof. This is an immediate consequence of Theorem 1.5 and Property (3) of g k .
Remark 4.10. Glendinning and Sidorov [15] showed that
2 (a * ) = 0 1 10 1001 · · · , which is known as the ThueMorse sequence, and a * ∼ 0.41245 is known as the Thue-Morse constant. An immediate consequence of Theorems 1.5 and 1.2 is Corollary 4.11. It is worth noting that Table 1 shows various values of g −1 k (a * ) as k varies. 
Concluding Remarks
In this article, we studied the k-transformation T k for integers k > 2, and examined the intervals a, b) . In general, it is not straightforward to estimate the Hausdorff dimension of W k (a, b). This would be an interesting problem to study.
